This paper presents a sharp upper bound for the spectral radius of simple digraphs with described number of arcs. Further, the extremal graphs which attain the maximum spectral radius among all simple digraphs with fixed arcs are investigated. In particular, we characterize all extremal simple digraphs with the maximum spectral radius among all simple digraphs with arcs number e = 2 k 2 + t and k > 4t 4 + 4.
Introduction
Let D = (V, E)(or (V (D), E(D))) be a simple digraph (i.e., no loops and no multiarcs) with vertex set V and arc set E, where |V | = n and |E| = e. The loop is the arc which starts and ends at a same vertex v. The multiarcs are the arcs which start at a same vertex v i and end at a same vertex v j , where v i = v j . The adjacent matrix of D is A(D) = (a ij ) or A for short, where a ij = 1 if there is an arc from v i to v j , 0 otherwise. Then by Perron-Frobenius theorem, there is an eigenvalue ρ(D) which is the largest modula value of all eigenvalues of A(D). Moreover, ρ(D) is called the spectral radius of D. The n-complete simple digraph is the simple digraph ← → K n in which every pair of vertices is an arc, while the n-complete digraph with loops is the digraph ← → K 0 n in which every pair of vertices is an arc including a loop at each vertex. Hence ← → K n has n(n − 1) arcs while ← → K 0 n has n 2 arcs.
The clique number of a simple digraph D, denoted by w(D), is the maximal integer k such that the k-complete simple digraph is a subgraph of D.
In 1985, Brualdi and Hoffman [2] firstly investigated the maximum spectral radius for a digraph (maybe have loops but no multiarcs) with e arcs. Later, Friedland [6] characterized the extremal digraphs for several classes of the digraphs (maybe have loops but no multiarcs) with some other arcs numbers e.
Theorem 1.2 [6] Let D be a digraph (maybe have loops but no multiarcs
) with e arcs. (1) . If e = m 2 + l and 1 ≤ l ≤ 2m, then
with equality if and only if l = 2m and, apart from isolated vertices, D is obtained from the complete digraph ← −− → K 0 m+1 of order m + 1 by removing a loop at one vertex. (2) . If e = m 2 + 2m − 3 and m ≥ 3, then On the other hand, Snellman [12] proved the following result which in some sense is complementary to that of (3) However, until now, the problem of characterizing all extremal graphs with the maximum spectral radius of all digraphs (loops are allowed but no multiarcs) with fixed arcs number e is not completely solved. For the spectral radius of digraphs, several upper bounds for digraphs in terms of digraph parameters, such as degree, clique number etc, can be found in [3, 4, 5, 8, 9, 10, 13] . For more results on the spectra of the digraphs, you can refer to the excellent survey [1] . In the above theorems, they always considered the spectral radius of all digraphs with loops and the fixed number of arcs. It is natural to ask what is the spectral radius of all simple digraphs (no loops, no multiarcs) with the fixed number of arcs. In this paper, we mainly consider the following problem: Problem 1.4 Let e be an integer and D(e) be the set all simple digraphs with the fixed number of arcs e. Denote by
Determine the value ρ(e) in terms of e and characterize all extremal simple digraphs with ρ(e).
This problem depends only on the number of arcs e but not on the number of vertices n. It is easy to see that ρ(e) is an increasing function on e. Moreover, if e = k(k − 1) + t with 0 ≤ t ≤ 2k − 1, let D # be the simple digraphs of order k + 1 which are obtained from ← → K k by adding a new vertex v and ⌊ t 2 ⌋ arcs in both directions joining v and ⌊ t 2 ⌋ vertices of ← → K k , and, if t is odd, an arc in either direction joining v and an additional vertex of
where α ⌊ t 2 ⌋ is a k−dimensional vector whose first ⌊ t 2 ⌋ components are 1, the others are 0. It is easy to see that ρ(D # ) is the largest positive root of the equation
The main result of this paper may be stated as follows. In addition, for some values e, we characterize all extremal simple digraphs. 
. Moreover, 
. Moreover, The rest part of this paper is organized as follows. In section 2, some known useful and preliminary results are provided. In Sections 3 and 4, we present the proofs of Theorems 1.5 and 1.6, respectively.
Preliminaries
An n × n nonnegative matrix A = (a ij ) ≥ 0 is called irreducible if for all 1 ≤ i, j ≤ n there is an integer k such that (A k ) ij > 0. It
is well known that A(D) is irreducible if and only if D is strongly
connected. If A is irreducible, by Perron-Frobenius theorem, there exist two positive vectors u, v such that
and u, v T are called the Perron and left Perron vector of A. Let
where A is a matrix (maybe not a square matrix), then ν(·) is a matrix norm on M n (R) which is the set of all n × n real matrices (see p. 295-296 [7] ). Thus ν(·) is a sub-multiplicative norm, i.e., for
Furthermore, ν(·) is an induced matrix norm induced by Euclidean vector norm || · ||. Then, for
The definition of ν(·) implies that
Where tr(AA T ) denotes the trace of AA T . If A is an m × n matrix and B is an n × m matrix, then by using ν(·) is a sub-multiplicative norm, we have
T are m × m matrices. Similarly for m < n. Friedland proved the following results in [6] Theorem 2.1 [6] Let ν(·) be the spectral norm of the matrices and
Theorem 2.2 [6]
Let A, B be nonnegative matrices with the form (5) and
It follows from Theorem 2.2 that Corollary 2.3 Let A and B be nonnegative matrices with the form (5) .
where 1 is all ones vector.
In order to study the spectral radius of digraphs in D(e), we need more notations. Let D * (e) be the set of all simple strongly connected digraphs with e arcs. In addition, let D * * (e) be the set of all simple strongly connected digraphs whose vertex set {v 1 , · · · , v n } can be arranged such that the following two conditions holds.
In subsequence content, without loss of generality, for any D ∈ D * * (e), we always assume that the vertices {v 1 , · · · , v n } of D are arranged to satisfy the above two conditions. Let
, which is the graph with vertex set V 1 and edge set
Moreover, it is easy to see that the following proposition holds.
In other words,
where the last row of A 12 is a zero vector or the last column of A 21 is a zero vector.
Without loss of generality, we always assume that the last column of A 21 is a zero vector. Further, for the fixed integer e, denote by
Now we discuss the relationship among ρ(e), ρ * (e) and ρ * * (e). 
where D 1 is strongly connected with e 1 < e arcs and ρ(D) = ρ(D 1 ), and (A 21 , A(D 2 )) contains at least one 1. it is observed that the spectral radius of digraphs is nondecreasing with respect to adding an arc, i.e., ρ(e) ≤ ρ(e + 1). If D 1 is not the simple complete digraph
It is a contradiction. Hence D is strongly connected and the assertion holds.
Proof. It follows from Proposition 2. 
We consider the following three cases:
x t < 0, which is a contradiction.
x t < 0, which is also a contradiction.
Hence D 2 ∈ D * * (e) and ρ(D 2 ) = ρ(e). This completes the proof. Proof. Let D be any simple digraph with e arcs and no isolated vertices which has the maximum spectral radius in the set D(e), i.e., ρ(D) = ρ(e). By Proposition 2.5, D has to be strongly connected. By the proof of Proposition 2.6, there exists a strongly connected digraph D 1 ∈ D * * (e) such that ρ(D 1 ) = ρ(D) and x is the Perron vector of A(D) and A(D 1 ) corresponding to eigenvalue ρ(e). By the condition of Corollary 2.7,
is adjacent to all the other vertices, v j (t/2 + 1 ≤ j ≤ k) is adjacent to all other vertices except v k+1 , and v k+1 is adjacent to
If t is odd number, by the same method, it is easy to see that D = D # . So the assertion holds.
3 Proof of the theorem 1.5
In order to present the proof of Theorem 1.5, we begin to give several upper bounds for the spectral radius of digraphs in the set D * * (e), which is interesting in its own right. 
, where w is the clique number of D.
Proof. Since D ∈ D * * (e), we assume that A(D) has the form (6) by Proposition 2.4. Hence by Theorem 2.1,
Let 2f (w) = w − 1 + (w − 1) 2 + 2(e − w(w − 1)). Then 2f
. This completes the proof of this lemma.
In particular, for D ∈ D * * (e) and w(D) = k, we characterize all extremal digraphs with the maximum spectral radius. Proof. Since D ∈ D * * (e), we assume that A(D) has the following form.
where
where B 12 is a k−dimensional column vector whose first t − min{q, k − 1} components are 1, and 0 otherwise, B 21 is a k−dimensional row vector whose first l = min{q, k} components are 1, and 0 otherwise. Moreover, let D 1 be a simple digraph whose adjacency matrix is the (k + 1)
T be the positive eigenvector of B T corresponding to ρ(B). Then
Further, since the last k − p rows of (A 12 , A 13 ) are zero, we have ( 
, where the first p components of A 12 are 1 and the first q components of A 21 are 1 with p + q = t and p ≤ q. By Corollary 2.3, ρ(D) is the unique positive solution of
where p ∧ q = min{p, q}. On the other hand, ρ(D # ) is the unique positive solution of
Hence ρ(D) ≤ ρ(D # ) with equality if and only if D = D # . This completes the proof.
T is majorized by α. For majorization, the readers may see [11] . By Lemma 9 in [6], we have
are majorized by β, γ, respectively. By Lemma 9 in [6], we have 1
If s 1 ≥ s 2 , by the same method, it is easy to prove that
This completes the proof of the lemma.
Denote by
and
Moreover,
r(r + 1) 2 (r(r + 1) − √ e 1 e 2 ) .
Then for r ≥ k − 1, the above inequalities are majorized by
. We observe the following fact: g(r), f (r) are strictly decreasing on (0, ∞) and
If w = k − s, 1 ≤ s < √ t + 1, combining with inequalities (7) and (8), we have
4 Proof of the theorem 1.6
In the above section we have characterized all extremal digraphs having the maximum spectral radius in the set D(e) for k much larger than t. In this section, we characterize all extremal digraphs with special arcs number. Proof. If e = k(k − 1), then by Lemma 3.1,
with equality if and only if w(D) = k. On the other hand ρ( Proof. For k = 2, there are 3 arcs, so it is easy to check that the assertion holds. Now we assume that k > 2. There does not exist a simple digraph of order k and arc number e. It is easy to see that Proof. For t = 0, 1, by Lemma 4.1 and Lemma 4.2, the assertion holds. Next we assume that 2 ≤ t ≤ 2k − 1. By Proposition 2.6 and Lemma 3.1, we have
.
This completes the proof.
Based on Theorems 1.5, 1.6 and the computation of spectral radius of simple digraphs in D * * (e) with the number of arcs less than 75, we may propose the following conjecture. 
